Compactness in asymmetric normed spaces  by Alegre, C. et al.
Topology and its Applications 155 (2008) 527–539
www.elsevier.com/locate/topol
Compactness in asymmetric normed spaces
C. Alegre, I. Ferrando, L.M. García-Raffi ∗, E.A. Sánchez Pérez
Instituto de Matemática Pura y Aplicada, Universidad Politécnica de Valencia, 46071 Valencia, Spain
Received 24 October 2006; received in revised form 20 November 2007; accepted 22 November 2007
Abstract
A systematic study of precompact and compact subsets on asymmetric normed linear spaces is developed, centering our attention
in the case of linear lattices with an asymmetric norm.
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1. Introduction
This paper is devoted to characterizing the compactness and precompactness of subsets on asymmetric normed
linear spaces. Although some general results are obtained for the general case, we center our attention in those asym-
metric linear spaces (X,q) that are directly related with Banach lattices (X,‖ · ‖,) using the order to define an
specific asymmetric norm by the formula q(x) := ‖x ∨0‖, x ∈ X (see Section 2 for a rigorous definition). In this case,
it was already known that those subsets K ⊆ X satisfying that there exists a qs -compact set K0 (i.e. a compact set in
the associated Banach space (X,qs)) such that
K0 ⊆ K ⊆ K0 + θ0 (1)
are compact for the (non-symmetric) topology associated to q , where θ0 := {x ∈ X: q(x) = 0} (Proposition 11). These
subsets are called q-compact sets. The main idea of the paper is to investigate if in fact this property characterizes the
q-compact sets. Although we solve this question in the negative, we show that this property is closely related to the
compactness of subsets of (X,q). Our main technical reference is the paper [6]; actually, this paper is the starting point
of our work. More information on the structure of these spaces and compact sets on them (with respect to different
topologies) can be found in [4] and [10].
The class of q-compact sets on asymmetric normed linear lattices has different properties to that of the class
of qs -compact sets. The following—rather surprising—examples show this; consider the asymmetric normed linear
lattices R, ∞ and 2 with the canonical asymmetric norms given by q(·) = ‖ · ∨0‖. Then it can be easily proved—
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528 C. Alegre et al. / Topology and its Applications 155 (2008) 527–539using, for example, Proposition 11—that the q-closed unit ball of R and the one of ∞ are q-compact, while the
q-closed unit ball of 2 is not. Recall that the closed unit ball of an infinite dimensional Banach space is not compact.
Thus Bq
s
,1(0) is not q
s
-compact but Bq,1(0) is q-compact in ∞ (see Section 2 for the notation).
We present our results in five sections. After two introductory sections, we present in Section 3 general results
regarding boundedness, precompactness and compactness in abstract asymmetric normed linear spaces. Section 4 is
devoted to investigate precompactness in a more specific way, obtaining necessary and sufficient conditions for this
property to happen in relation with the existence of a subset K0 satisfying the inclusions in (1). Finally, in Section 5
we provide a class of subsets in which the existence of such a chain of inclusions gives a characterization of the
q-compactness of the set.
From the methodological point of view, we must point out that although the use of the order of the lattice in the
definition of the asymmetric norm is assumed in many of our results, we have applied pure topological arguments.
This means that many of our arguments can be extended to general asymmetric normed linear spaces. Therefore, we
have not used any type of generalization of the classical concepts of the theory of topological linear lattices regarding
the order properties, as order completeness or order continuity. Our framework is in this sense the general topology
(non-symmetric topology).
2. Topological preliminaries
Let R be the set of real numbers, R+ the set of the nonnegative real numbers and N the set of natural numbers. Let
X be a real linear space. A function q :X → R+ is an asymmetric norm on X if for every x, y ∈ X and r ∈ R+,
(1) q(x) = q(−x) = 0 if and only if x = 0.
(2) q(rx) = rq(x).
(3) q(x + y) q(x) + q(y).
(These functions are also called quasi-norms in [2,1] and [13].) Actually, a norm on a normed space is an asymmetric
norm. The function q−1 :X → R+ defined by q−1(x) = q(−x) is also an asymmetric norm. The formula qs(x) =
max{q(x), q−1(x)} gives a norm on X. It is possible to find several examples in the literature of applications of
asymmetric norms and related structures in functional analysis, general topology and theoretical computer science
(see for instance [8,11,14] and [16]). Asymmetric norms have also been used in the context of approximation theory
(see [3,4] and [13]).
A quasi-metric on a set X is a function d :X × X → R+ that satisfies
(1) d(x, y) = d(y, x) = 0 if and only if x = y, and
(2) for every x, y, z ∈ X, d(x, y) d(x, z) + d(z, y).
The balls that give the topology on (X,d) are defined in the quasi-metric case in the same way that in the metric
case. Each quasi-metric d on X generates a topology T (d) on X that, in general, is a T0 topology. The basic open sets
can be defined as the d-balls,
Bd(x, r) =
{
y ∈ X: d(x, y) < r}, x ∈ X, r > 0.
An asymmetric norm q on a linear space X induces the quasi-metric dq by means of the formula
dq(x, y) := q(y − x), x, y ∈ X.
Thus, the sets
Bqε (0) :=
{
x ∈ X: q(x) < ε}, ε > 0,
define a fundamental system of neighborhoods of zero for the topology T (dq), and for all y ∈ X, the sets Bqε (y) =
y + Bqε (0) define a fundamental system of neighborhoods of y (note that all these sets are convex). Then, we say
that the pair (X,q) is an asymmetric normed linear space. For the sake of clarity, since we deal throughout the paper
with the topologies induced by q , q−1 and qs , we will write these symbols before the property we are referring if
necessary; for instance, we will write q-compact set, or qs -compact set to refer to compactness of a set with respect
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(see [7]).
We denote by Bq,ε the set,
B
q
,ε(0) :=
{
x ∈ X: q(x) ε}, ε > 0.
Let (X,q) an asymmetric normed linear space and x ∈ X, we will denote by θx the set defined by
θx =
{
y ∈ X: dq(x, y) = q(y − x) = 0
}
.
In particular:
θ0 =
{
y ∈ X: dq(0, y) = q(y) = 0
}
.
Observe that θx is the closure of {x} in (X,q−1). There are several properties of sets θx that should be taken into
account. Given a set A ⊂ X of an asymmetric normed linear space (X,q) (Lemma 2 in [6]), we have that⋃
x∈A
θx = A + θ0,
where
A + θ0 = {z ∈ X: z = x + y, x ∈ A and y ∈ θ0}.
We have also that Bqε (x) = Bqε (x) + θ0, x ∈ X (Lemma 3 in [6]) and if A ⊂ X is an open set, then A = A + θ0.
Finally, the next definition is related to one condition that will be important in Sections 4 and 5 of this paper.
Let (X,q) be an asymmetric normed linear space. We say that it is right-bounded (the definition is equivalent to
Definition 16 in [6]) if there exists a real constant r > 0, such that
rB
q
1 (0) ⊂ Bq
s
1 (0) + θ0.
Note that the inclusion Bq
s
ε (x)+ θ0 ⊂ Bqε (x) holds in any asymmetric normed linear space (X,q), for every ε > 0
and each x ∈ X. In fact, if y ∈ Bqsε (x) + θ0, then there are x0 ∈ Bq
s
ε (x) and z0 ∈ θ0 such that y = x0 + z0. By
the triangle inequality we have that q(y − x) < ε. Then y ∈ Bqε (x). In this paper we mainly deal with asymmetric
norms defined on linear spaces that have a Banach lattice structure; i.e. spaces as (X,‖ · ‖,), Banach spaces with an
order that is compatible with the topological and linear structure. In this case, and given two elements x, y ∈ X, the
supremum x ∨ y and the infimum x ∧ y belong to the Banach lattice (see for instance [12, Vol. II]). This provides a
canonical way of defining an asymmetric norm on the lattice by the formula
q(x) := ‖x ∨ 0‖, x ∈ X.
It has been found that these spaces are the most interesting ones from the point of view of the applications (see for
example [8]). It can be proved that in this case these spaces are right-bounded with constant r = 1 (see the following
lemma).
Lemma 1. Let (X,‖ · ‖,) be a Banach lattice, and consider the asymmetric normed linear space (X,q), where
q(x) := ‖x ∨ 0‖, x ∈ X. Then (X,q) is right-bounded with constant r = 1.
Proof. Let x ∈ Bq1 (0). Since X is a lattice, there are positive elements x+ = x ∨ 0 and −x− = −(x ∧ 0) such that
x = x+ + x−. Note that q(x+) = ‖x ∨ 0‖ = q(x) < 1 and q(−x+) = 0. Therefore qs(x+) = q(x+) < 1 and so
x+ ∈ Bqs1 (0). On the other hand, q(x−) = ‖x− ∨ 0‖ = 0, and then x− ∈ θ0. This proves the result. 
The first systematic study of these spaces was done in [1] (see also [2]). The reader can find the concepts and results
on locally convex spaces and Banach spaces that are needed in [12,15] and [17]. Definitions and results on general
nonsymmetric topology can be found in [5].
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Let (X,q) be an asymmetric normed linear space.
Definition 2. A subset A of X is q-bounded if there is a positive constant M such that q(x)M for all x ∈ A. It is
obvious that if a set A is q-bounded and q−1-bounded, then A is qs -bounded.
Although in the case of normed spaces precompactness and outside precompactness are equivalent properties, the
extension of the notion of precompactness is not direct in the case of asymmetric normed linear spaces. This fact
motivates the next definition.
Definition 3. We say that a subset A of X is q-precompact if for all ε > 0 we can find a finite set of points {a1, . . . , an}
in A such that A ⊂⋃ni=1 Bqε (ai).
We say that a subset A of an asymmetric normed linear space (X,q) is outside q-precompact if for each ε > 0
there is a finite set {x1, . . . , xn} in X such that A ⊂⋃ni=1 Bqε (xi). Obviously if a set A is q-precompact, then it is
outside q-precompact; the converse is not true in general, a q-convergent sequence is outside q-precompact but it is
not necessarily q-precompact (as we shall see in Example 7).
The following proposition characterizes the q-precompact sets and the relationship between q-precompactness and
outside q-precompactness.
Proposition 4. Let (X,q) be an asymmetric normed linear space. A subset A of X is q-precompact if and only if for
all ε > 0 there is a finite set {x1, . . . , xn} in X such that A ⊂⋃ni=1 Bqε (xi) and Bq−1ε (xi)∩A = ∅ for all i ∈ {1, . . . , n}.
Proof. The direct implication is obvious by the definition of q-precompact set. To prove the converse fix a positive ε
and choose a finite set {x1, . . . , xn} in X such that A ⊂⋃ni=1 Bqε2 (xi) and Bq−1ε2 (xi) ∩ A = ∅. Take ai ∈ Bq−1ε2 (xi) ∩ A;
we must prove Bqε
2
(xi) ⊂ Bqε (ai). If x ∈ Bqε
2
(xi), then
q(x − ai) q(x − xi) + q(xi − ai) < ε2 + q
−1(ai − xi) < ε.
Then the set A is q-precompact. 
Note that q-precompactness does not imply q-compactness; for example for the asymmetric normed vector space
(R, q), with q(x) = x+, we have shown that R− is q-precompact (see the remark before Proposition 9), but it is not
q-compact because there is a q-open cover without finite subcover: R− ⊂⋃∞n=1]−∞,− 1n [.
As a consequence of the definition we have that if A is q-precompact then it is q-bounded. It is also immediate that
the qs -precompactness implies q-precompactness and q−1-precompactness but this condition is not sufficient, as we
show in the following example.
Example 5. In ∞ we define the asymmetric norm q((αi)∞i=1) := ‖(αi)∞i=1 ∨ 0‖ = supi∈N αi+ (where α+i :=
max{αi,0}). The unit ball Bq
s
,1(0) is q-precompact because for x0 = (1,1,1, . . .) and every ε > 0 we clearly have
that Bq
s
,1(0) ⊂ x0 + Bqε (0). Note that Bq
s
,1(0) = −Bq
s
,1(0). Therefore B
qs
,1(0) is also q
−1
-precompact, as can be
seen using in this case x0 := (−1,−1,−1, . . .). However, Bq
s
,1(0) is not q
s
-precompact, since (∞, qs) is an infinite
dimensional normed space, and then we cannot find precompact neighborhoods of 0.
Note that in asymmetric normed linear spaces, the limit of a sequence is not in general a unique point, since the
topology is not necessarily Hausdorff [9].
Proposition 6. If a sequence {xn}∞n=1 in (X,q) is q-convergent and x0 belongs to limn xn, then the set {x0} ∪{xn: n ∈ N} is q-precompact.
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we have that
{x0} ∪ {xn: n ∈ N} ⊂
n0⋃
i=0
Bqε (xi). 
The inclusion of a limit point is necessary for Proposition 6, as the following example shows.
Example 7. In the space ∞ with the asymmetric norm q((αi)∞i=1) = supα+i , (αi)∞i=1 ∈ ∞, we define the sequence{xn}∞n=1 by
x1 = (1,0,0, . . .),
x2 = (1,1,0, . . .),
xn =
(
1,1, . . . ,1n),0, . . .
)
.
If z = (1,1, . . .), then q(xn − z) = q((0, . . . ,0n),−1,−1, . . .)) = 0, thus {xn}∞n=1 is q-convergent to z. By the
previous proposition we have that {xn: n ∈ N} ∪ {z} is q-precompact.
We prove now by contradiction that {xn: n ∈ N} is not q-precompact. If {xn: n ∈ N} is q-precompact, for ε = 12
we can find a finite set of indexes i1, i2, . . . , ip such that {xn: n ∈ N} ⊂⋃pj=1 Bq1
2
(xij ). Then if n > ip , there is some
ik ∈ {i1, . . . , ip} such that xn ∈ Bq1
2
(xik ), but this is not possible because q(xn − xik ) = 1. Note that in this case
lim
n
xn =
{
y  (1,1, . . .): y ∈ ∞
}
.
Note that {xn: n ∈ N} is a q-bounded set that is not q-precompact.
Proposition 8. Let (X,q) be an asymmetric normed linear space,
(1) The finite sum and the finite union of q-precompact sets is q-precompact.
(2) The convex hull of a q-precompact set is q-precompact.
Proof. (1) This result is an immediate consequence of the definition. We write the proof for the case of the sum of two
q-precompact sets A1 and A2. Let ε > 0. Take ε/2 and consider the sets {x11 , . . . , x1n} ⊂ A1 and {x21 , . . . , x2m} ⊂ A2
such that A1 ⊂⋃ni=1 Bqε/2(x1i ) and A2 ⊂⋃mi=1 Bqε/2(x2i ). If z ∈ A1 +A2, then z = z1 + z2, with z1 ∈ A1 and z2 ∈ A2.
There are elements x1i and x2j such that q(z1 − x1i ) < ε/2 and q(z2 − x2j ) < ε/2. Then
q
(
z − (x1i + x2j )) q(z1 − x1i )+ q(z2 − x2j )< ε.
Thus, the set {x1i + x2j : i = 1, . . . , n, j = 1, . . . ,m} define an adequate set of centres of q-balls of radius ε to cover
the set A1 + A2.
(2) Let A be a q-precompact subset of X. For ε > 0, we can find a set of points of A, {x1, . . . , xn} such that
A ⊂ {x1, . . . , xn} + Bqε
2
(0). Denote by convex(A) the convex hull of A; we have that
convex(A) ⊂ convex({x1, . . . , xn})+ Bqε
2
(0).
Note that since convex({x1, . . . , xn}) is qs -compact, then it is q-precompact. Thus we can find a finite set {y1, . . . , yn}
in convex({x1, . . . , xn}) such that:
convex
({x1, . . . , xn})⊂ {y1, . . . , yn} + Bqε
2
(0).
Thus, we can conclude directly that
convex(A) ⊂ {y1, . . . , yn} + Bqε
2
(0) + Bqε
2
(0) ⊂ {y1, . . . , yn} + Bqε (0)
and confirm that convex(A) is q-precompact. 
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linear space (R, q), where q(x) = x+ = x ∨ 0, x ∈ R. The subset R− := {x ∈ R: x < 0} is q-precompact because for
all ε > 0, R− ⊂ −ε +Bqε (0), but R− q = R, which is not q-precompact. However, the following result shows that the
closure with respect to another topology of a q-precompact set is q-precompact.
Proposition 9. A subset A of (X,q) is q-precompact if and only if the q−1-closure of A is q-precompact.
Proof. (⇒) If A is q-precompact and ε > 0, there is a finite set in A, {x1, . . . , xn} such that A ⊂⋃ni=1 Bqε/2(xi) ⊂⋃n
i=1 B
q
, ε/2(xi). Note that the sets B
q
, ε/2(ai) are q
−1
-closed. Then
A
q−1 ⊂
n⋃
i=1
B
q
, ε/2(xi)
q−1
⊂
n⋃
i=1
B
q
, ε/2(xi)
q−1 =
n⋃
i=1
B
q
, ε/2(xi) ⊂
n⋃
i=1
Bqε (xi).
(⇐) If Aq−1 is q-precompact, for ε > 0 there is a finite subset of Aq−1 , {x1, . . . , xn}, such that
A ⊂ Aq−1 ⊂
n⋃
i=1
(
xi + Bqε
2
(0)
)
.
We have that for every i ∈ {1, . . . , n}, xi ∈ Aq
−1
. Then for a fixed index i there is some ai ∈ A such that
q−1(ai − xi) = q(xi − ai) < ε2 . Now we have to prove that xi + Bqε2 (0) ⊂ ai + B
q
ε (0).
Let y be an element of xi + Bqε
2
(0). Then q(y − xi) < ε2 and
q(y − ai) q(y − xi) + q(xi − ai) < ε2 +
ε
2
= ε.
So we obtain that A is q-precompact. 
Corollary 10. Let A and B be two subspaces of (X,q) such that A ⊂ B and B is q-precompact. If A is q−1-dense in
B then A is q-precompact.
Note also that if A is q-precompact then convex(A)q
−1
is also q-precompact, as a consequence of Proposition 9.
4. q-precompactness and q-compactness
Let (X,q) be an asymmetric normed linear space and K ⊂ X. Then K is compact respect to the topology T (dq)
induced by the asymmetric norm q if and only if K + θ0 is compact for the same topology (Proposition 6 in [6]).
The following result gives a sufficient condition for q-compactness. This result does not give a characterization of
this property (see Example 12 below). This fact motivates Section 5.
Proposition 11. Let (X,q) be a asymmetric normed linear space. If K is a subset of X such that K0 ⊂ K ⊂ K0 + θ0
with K0 qs -compact, then K is q-compact.
Proof. Let {Ai}i∈I be a q-open cover of K . Since K0 is a subset of K and Ai is qs -open for all i ∈ I, {Ai}i∈I is a
qs -open cover of K0. Therefore there is {Aij }nj=1 such that
K0 ⊂
n⋃
i=1
Aij .
Thus, by Lemmas 4 and 5 of [6],
K ⊂ K0 + θ0 ⊂
n⋃
j=1
Aij + θ0 =
n⋃
j=1
(Aij + θ0) =
n⋃
j=1
Aij .
This shows that K is q-compact. 
C. Alegre et al. / Topology and its Applications 155 (2008) 527–539 533The following example proves that there are q-compact subsets which do not satisfy the existence of a qs -compact
set K0 such that K0 ⊆ K ⊆ K0 + θ0.
Example 12. In the space (1, q) with q((αi)∞i=1) :=
∑∞
i=1 α
+
i we define the set K = {xn: n ∈ N} as
x0 = (0,0,0,0, . . .),
x1 =
(
1
20
,−1,0,0, . . .
)
,
x2 =
(
1
21
,0,−1,0, . . .
)
,
...
xn =
(
1
2n−1
,0,0, . . . ,−1n+1),0, . . .
)
.
1. We prove first that K is q-compact. If {Ai}i∈I is an open cover of K , then there is some index i0 such that x0 is
in Ai0 and some radius δ > 0 such that B
q
δ (x0) ⊂ Ai0 . If xn ∈ K then q(xn − x0) = q(xn) = 12n−1 , then, choosing
some n0 with 12n0−1 < δ, we have that for all n n0, xn is in B
q
δ (x0) ⊂ Ai0 and K ⊂
⋃n0−1
j=1 Aij ∪ Ai0 , where Aij
is an element of the open cover satisfying that xj ∈ Aij for j = 1, . . . , n0 − 1.
2. Now we prove by contradiction that there is not any qs -compact set K0 such that K0 ⊂ K .
If K0 ⊂ K is a qs -compact set, then either K0 is finite, or K0 must contain a qs -convergent subsequence of the
sequence {xn}∞n=1. But the latter is impossible, because the subsequences of {xn}∞n=1 are not qs -Cauchy: if j = k,
qs(xj − xk) =
∣∣∣∣ 12j − 12k
∣∣∣∣+ 1 + 1 > 2.
If K0 is finite it is not possible that K ⊂ K0 + θ0. Choosing two elements xn and xm with n = m and xm ∈ xn + θ0,
we must have q(xm − xn) = 0.
But if m > n, then q(xm − xn) = 1 = 0, and for m < n, q(xm − xn) = 12m − 12n + 1 = 0, that is a contradiction.
Theorem 13. Let (X,q) be an asymmetric normed linear space. Let K be a subset of X. Then:
(1) If (X,q) is a bi-Banach right-bounded space with constant r = 1 and K is q-precompact then there is a qs -
compact subset K0 of X such that K ⊂ K0 + θ0.
(2) If there is a qs -precompact subset K0 of X (in particular if K0 is qs -compact) such that K ⊂ K0 + θ0 then K is
outside q-precompact.
Proof. (1) Step 1. First, we construct an special family of balls covering the set K in order to find an adequate
qs -compact set. By the definition of q-precompactness we have that for ε = 1/2 and ε = 1/4,
K ⊂
n1⋃
i=1
B
q
1
2
(
x1i
)
,
{
x11 , . . . , x
1
n1
}⊂ K, and
K ⊂
n2⋃
i=1
B
q
1
4
(
x2i
)
,
{
x21 , . . . , x
2
n2
}⊂ K.
It follows that for all i = 1, . . . , n2, there is an index ji ∈ {1, . . . , n1} such that x2i ∈ Bq1
2
(x1ji ).
We also have that Bq1
2
(x1ji ) ⊂ B
qs
1
2
(x1ji ) + θ0. Thus x2i = x¯2i + z with x¯2i ∈ B
qs
1
2
(x1ji ) and z ∈ θ0.
If y ∈ Bq1
4
(x2i ), then
q
(
y − x¯2i
)
 q
(
y − x2i
)+ q(z) < 1
4
.
Thus Bq1 (x2i ) ⊂ Bq1 (x¯2i ), and {Bq1 (x¯2i ): i = 1, . . . , n2} defines a q-cover of K .
4 4 4
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1, . . . , nN , there is x¯N−1ji such that:
qs
(
x¯Ni − x¯N−1ji
)
<
1
2N−1
and
K ⊂
nN⋃
i=1
B
q
1
2N
(
x¯Ni
)
.
Let L = {x¯11 , x¯12 , . . . , x¯1n1 , x¯21 , . . . , x¯2n2, . . .}, with x¯1i = x1i for i = 1, . . . , n1. We will prove first that L is qs -
precompact.
Let ε > 0, we consider some N ∈ N such that 12N−2 < ε. We omit the subindexes for the aim of clarity. Take some
x¯m in L; we distinguish two cases:
Case 1: mN . Then we have
x¯m ∈ Bqsε
(
x¯m
)⊂ nm⋃
i=1
Bq
s
ε
(
x¯mi
)⊂ N⋃
k=1
nk⋃
i=1
Bq
s
ε
(
x¯ki
)
.
Case 2: m > N , fixed x¯m, there is an element x¯m−1 such that qs(x¯m − x¯m−1) < 12m−1 . In the same way, there is x¯m−2
such that qs(x¯m−1 − x¯m−2) < 12m−2 , and if we continue in this fashion we obtain x¯N such that qs(x¯N − x¯N−1) <
1
2N−1 . Then we have
qs
(
x¯k − x¯k−1)< 1
2k−1
for k = N, . . . ,m. Thus,
qs
(
x¯m − x¯N ) qs(x¯m − x¯m−1)+ qs(x¯m−1 − x¯m−2)+ · · · + qs(x¯N+1 − x¯N )
 1
2m−1
+ 1
2m−2
+ · · · + 1
2N
 1
2N−1
( ∞∑
j=1
1
2j
)
= 1
2N−1
.
Then we conclude qs(x¯m − x¯N ) < 12N−2 < ε, that is x¯m ∈ B
qs
ε (x¯
N ) ⊂⋃nNi=1 Bqsε (x¯Ni ).
Therefore, L ⊂⋃Nk=1⋃nki=1 Bqsε (x¯ki ), which proves that L is qs -precompact. Thus Lqs is qs -compact.
Step 2. Let K0 = Lq
s
. We must prove that K ⊂ K0 + θ0.
If x ∈ K , for each n ∈ N, there is some x¯n of the corresponding family obtained in the previous step (we omit the
indexes since there is no confusion) such that
x ∈ Bq1
2n
(
x¯n
)= Bqs1
2n
(
x¯n
)+ θ0.
Then for every n ∈ N, there are y¯n ∈ Bqs1
2n
(x¯n) and zn ∈ θ0 such that x = y¯n + zn.
Consider the sequence {x¯n}n∈N ⊂ Lq
s
; since Lq
s
is qs -compact, there is a subsequence {x¯nk }k qs -convergent to
x0 ∈ Lq
s
.
We now prove that q(x −x0) = 0. For a positive ε there is some index k0 such that for all k  k0, qs(x¯nk −x0) < ε2 .
Note that qs(x¯nk − y¯nk ) < 1n .2 k
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ε
2 for all k  k1 and we consider k2 = max{k0, k1}, then for all k  k2 we have:
q(x − x0) q
(
x − y¯nk )+ q(y¯nk − x¯nk )+ q(x¯nk − x0)
 0 + qs(y¯nk − x¯nk )+ qs(x¯nk − x0)< 12nk + ε2 < ε2 + ε2 = ε.
Since this can be done for every ε > 0, we obtain that q(x − x0) = 0 and this implies that x − x0 ∈ θ0. We conclude
that
x ∈ Lqs + θ0 = K0 + θ0.
This finishes the proof of (1).
(2) Choose some ε > 0. Since K0 is qs -precompact, there is a finite set {x1, . . . , xn} in K0 such that K0 ⊂⋃n
i=1 B
qs
ε (xi). Then (Lemma 5 in [6]),
K ⊂
n⋃
i=1
Bq
s
ε (xi) + θ0 =
n⋃
i=1
(
Bq
s
ε (xi) + θ0
)⊂ n⋃
i=1
Bqε (xi).
This clearly shows that K is outside q-precompact. 
Remark 14. It is not possible to improve part (2) of Theorem 13 for obtaining q-precompactness of K . Take K =
{xn}∞n=1 ⊂ ∞, with xn = (1,1, . . . ,1n),0, . . .), as in Example 7. This set is not q-precompact. But if K0 = {x0}, with
x0 = (1,1,1, . . .), then K ⊂ K0 + θ0.
Corollary 15. Let (X,q) be a bi-Banach asymmetric normed space and let K be a subset of X. If (X,q) is right-
bounded with constant r = 1 and K is q-precompact then there is a sequence {xn}n∈N in X, qs -convergent to zero,
such that K ⊂ convex({xn: n ∈ N})q
s + θ0.
Proof. By Theorem 13 there is some qs -compact set K0 such that K ⊂ K0 +θ0. Thus we can find some qs -convergent
sequence {xn}n∈N such that limn qs(xn) = 0 and K0 ⊂ convex({xn: n ∈ N})q
s
(see [12, Vol. I, Proposition 1.e.2]. Then
we have
K ⊂ K0 + θ0 ⊂ convex({xn: n ∈ N})q
s + θ0. 
Corollary 16. Let (X,q) be an asymmetric normed space and let K be a subset of X. If there is some qs -precompact
set K0 such that K0 ⊂ K q
−1
and K ⊂ K0 + θ0, then K is q-precompact.
Proof. Note that we have the conditions to apply the proof of Theorem 13(2). Then we can directly conclude that K
is outside q-precompact. Thus, for ε > 0 there is a finite set {x1, . . . , xn} in K0 such that K ⊂⋃ni=1 Bqsε (xi) + θ0.
By the hypothesis we have that xi ∈ K0 ⊂ K q
−1
, then Bq
−1
ε (xi)∩K = ∅, and by Proposition 4, K is a q-precompact
set. 
5. Topological requirements for a characterization of q-compact sets
In this section we describe a particular class of subsets of an asymmetric normed linear space (X,q) for which the
condition of existence of a qs -compact subset K0 ⊆ X such that
K0 ⊆ K ⊆ K0 + θ0 (2)
characterizes the q-compactness of K . In previous sections we have proved that, in fact, q-compactness of K does
not imply the existence of a subset K0 satisfying (2) (see Example 12). However, it is possible to find a broad class of
examples in which these properties are equivalent. Actually, for this to happen it is necessary to impose some strong
requirements on the subset K , essentially regarding the compatibility between the topology inherited by K as a subset
of (X,q) and the one generated by subsets of the form Bq
s
ε (x)∩K + θ0. The technical formulation of this requirement
is given by the following definition.
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B
q
ε (x) = Bq
s
ε (x) + θ0 for every ε > 0 and every x ∈ X.
Definition 17. Let K ⊆ X and C0 ⊆ K . We say that K has the B(C0)-property if there is a function ρ :K ×R+ → R+
such that:
(1) For every pair x, y ∈ C0 and for all t ∈ R+, ρ(x, t) ρ(y, t) whenever x ∈ y + θ0, and
(2) Bqρ(x,t)(x) ∩ K ⊂ (Bq
s
t (x) ∩ C0) + θ0, for all t ∈ R+ and for every x ∈ C0.
The compactness type property that we can characterize under the assumption of Definition 17 is closely related to
the existence of subsets C0 ⊆ K such that C0 defines covers of K and there is a finite subcover for each such a cover,
in the sense given by the following
Definition 18. Let C0 and K be two subsets of an asymmetric normed space (X,q), C0 ⊆ K . We say that K is a
C0-q-compact set if for all sets of positive real numbers {εx}x∈C0 , the class {Bqεx (x): x ∈ C0} defines a cover of K ,
and this cover admits a finite subcover. Note that a set K is q-compact if and only if it is C0-q-compact for some
C0 ⊂ K .
Example 19. An easy example of such a subset K is given by the ball K1 := Bq,1(0) of (R2,‖ · ∨0‖2), where ‖ · ‖2
is the Euclidean norm. In this case, if we define C10 as the subset {(x, y) ∈ R2 | x  0, y  0, x2 + y2 = 1} ⊆ K1,
it is easy to see that K1 has the B(C10)-property. However, if a subset K of an asymmetric normed linear space has
an isolated point x for qs (i.e. there is an ε > 0 such that Bqsε (x) \ {x} ⊂ X \ K), then it can happen that K does not
satisfy the B(C0)-property at least for those subsets C0 that are interesting for the purpose of defining a cover of K .
Consider for instance the set K2 := K1 ∪ {(1,1/2)}; for a small enough t satisfying K1 ∩ Bqst ((1,1/2)) = ∅ and for
every value δ > 0, it is clear that
B
q
δ (1,1/2) ∩ K2 
{
(1,1/2)
}+ θ0 = Bqst ((1,1/2))∩ K2 + θ0.
Therefore, there is no function ρ satisfying the requirement (2) of Definition 17 if the point (1,1/2) belongs to C0.
But such sets C0 are necessary to define a cover of K2 in the sense of Definition 18, and are exactly the sets used in
the following result.
Theorem 20. Let K be a subset of a bi-Banach asymmetric normed space (X,q). Consider the following sentences.
(1) There is a qs -closed subset C0 such that K is C0-q-compact.
(2) There is a qs -compact set K0 such that
K0 ⊂ K ⊂ K0 + θ0.
Then (2) implies (1) for C0 = K0. Conversely, if (1) holds for a subset C0 ⊆ K such that K has the B(C0)-property,
then (2) holds.
Proof. Let us first show a direct proof of (2) ⇒ (1). Take a qs -compact set K0 satisfying (2). Then it is qs -closed,
and for every family of radii {εx : x ∈ K0} the sets
Bq
s
εx
(x) + θ0 = Bqεx (x), x ∈ K0,
define a cover of K . Since K0 is qs -compact and the sets
Bq
s
εx
(x), x ∈ K0,
give a qs -cover of K0, there is a finite qs -subcover of K0 defined by a set of points x1, . . . , xn ∈ K0. Since
K ⊆ K0 + θ0 ⊆
n⋃
i=1
Bq
s
εxi
(xi) + θ0 =
n⋃
i=1
Bqεxi
(xi),
K is K0-q-compact, and then (1) holds.
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constructive arguments of the one of Theorem 13; we define a qs -precompact set C ⊆ C0 in order to find K0 as
the qs -closure of C.
(i) Let ε = 12 , and define a q-open cover K ⊂
⋃
x∈C0 B
q
ρ(x, 12 )
(x). Since K is C0-q-compact, we can define a finite
subcover with centers in {x11 , . . . , x1m1} ⊂ C0 such that K ⊂
⋃m1
i=1 B
q
ρ(x1i ,
1
2 )
(x1i ). Taking x¯
1
i := x1i for i = 1, . . . ,m1,
we have that
K ⊂
m1⋃
i=1
B
qs
1
2
(
x¯1i
)∩ C0 + θ0,
since K has the B(C0) property.
(ii) Take now ε = 14 . We define another open cover of K , K ⊂
⋃
x∈C0 B
q
ρ(x, 14 )
(x) in the same way that in the first
step; K admits a finite subcover:
K ⊂
m2⋃
i=1
B
q
ρ(x2i ,
1
4 )
(
x2i
)
,
with centers {x21 , . . . , x2m2} in C0. Using the cover that has been obtained in the previous step, we can find elements
x¯2i ∈ C0 for i = 1, . . . ,m2 such that for each i ∈ {1, . . . ,m2} there is an index ji ∈ {1, . . . ,m1} and a vector z2i ∈ θ0
such that x¯2i + z2i = x2i and qs(x¯2i − x¯1ji ) < 1/2. Moreover, if y ∈ B
q
ρ(x2i ,
1
4 )
(x2i ),
q
(
y − x¯2i
)
 q
(
y − x2i
)+ q(z2i ) ρ(x2i ,1/4)+ 0.
Thus,
B
q
ρ(x2i ,
1
4 )
(
x2i
)⊆ Bq
ρ(x2i ,
1
4 )
(
x¯2i
)⊆ Bq
ρ(x¯2i ,
1
4 )
(
x¯2i
)
,
where (1) of Definition 17 has been used for the last inclusion. Therefore, by (2) of Definition 17 we obtain
K ⊆
m2⋃
i=1
B
qs
1/4
(
x¯2i
)∩ C0 + θ0.
(iii) Following the construction for every n ∈ N, we obtain a family of finite subsets
An :=
{
x¯n1 , . . . , x¯
n
mn
}⊆ C0, n ∈ N.
Let us define C :=⋃∞n=1 An. In what follows we prove that this set is qs -precompact following the same argu-
ments that in the proof of Theorem 13; we write the proof for the sake of completeness.
For an ε > 0 there is a natural number n0 such that 22n0 < ε. The set A =
⋃n0
i=1 Ai = {x¯ni : n = 1, . . . , n0 and i = 1,
. . . ,mn for each n} is finite.
If x ∈ C\A, there are x¯n0in0 , x¯
n0+1
in0+1
, . . . , x¯nin = x such that
qs
(
x − x¯n0in0
)

n−1∑
k=n0
qs
(
x¯kik − x¯k+1ik+1
)

n−1∑
k=n0
1
2k
<
1
2n0
( ∞∑
k=0
1
2k
)
= 2
2n0
< ε,
then x ∈ Bqsε (x¯n0in0 ).
Thus C ⊂⋃x∈A Bqsε (x), and we conclude that C is qs -precompact. Since C ⊂ C0 and C0 is qs -closed, we obtain
that C q
s ⊂ C0 ⊂ K . Also, since C is qs -precompact and X is a bi-Banach space, C q
s
is qs -compact.
(iv) Now, define K0 := C q
s
. To obtain the result we must prove that K ⊂ K0 + θ0, since we already know that
K0 ⊆ C0 ⊆ K .
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s
1
2n
(x¯nin) ∩ C0) + θ0. Thus, there are yn ∈ B
qs
1
2n
(x¯nin) and
zn ∈ θ0 such that x = yn + zn and
q
(
x − x¯nin
)
 q
(
x − yn)+ q(yn − x¯nin) 0 + qs(yn − x¯nin)< 12n .
Consider the sequence {x¯nin}n ⊂ C ⊂ K0; since K0 is qs -compact the sequence has a qs -convergent subsequence
{x¯nkink }k . Write x0 for the limit, i.e. limk→∞ q
s(x¯
nk
ink
− x0) = 0.
Let ε > 0. By the convergence of the subsequence above there is an index nk0 such that qs(x0 − x¯
nk0
ink0
) ε; and
another index nk1 such that 12nk1 < ε. Fixing nk2 = max{nk0, nk1}, we obtain for every nk  nk2 the inequalities
q(x − x0) q
(
x − x¯nkink
)+ q(x¯nkink − x0) ε + qs(x¯nkink − x0)< 2ε.
Since this argument can be given for every ε > 0, we obtain q(x − x0) = 0. Clearly x0 ∈ K0 since it is a qs -limit
of elements of C. Therefore, K ⊆ K0 + θ0. This finishes the proof. 
The following corollary provides a technique for applying Theorem 20 avoiding the problem of the isolated points
that has been explained in Example 19.
Corollary 21. Let K1 and K be subsets of the asymmetric normed linear space (X,q), with K1 qs -compact and
K1 ⊂ K . Suppose that there is a qs -closed subset C0 ⊆ K \ K1 such that K \ K1 has the B(C0)-property and is
C0-q-compact. Then there is a qs -compact set K0 such that K0 ∪ K1 ⊆ K ⊆ K0 ∪ K1 + θ0.
The converse is also true by Proposition 11, without the assumption of K \ K1 having the B(C0)-property. Let us
finish the paper by providing the result given by Theorem 20 in the particular case that the set C0 coincides with K .
Corollary 22. Let K be a qs -closed subset of X such that K is q-compact and has the B(K)-property. Then there is
a qs -compact subset K0 such that K0 ⊆ K ⊆ K0 + θ0.
Let us finish the paper by illustrating the definition of B(K)-property for a set K for a particular class of spaces.
Consider a normed lattice (X,‖ · ‖,). Then we can construct the asymmetric normed lattice (X,q,), where the
asymmetric norm q is given by
q(x) := ‖x ∨ 0‖, x ∈ X.
In this case, for a set K ⊂ X the B(K)-property can be written as follows: K has the B(K)-property if there is a
function ρ :K × R+ → R+ such that
1. ρ is increasing for its first variable.
2. For every x ∈ K and t ∈ R+, if y ∈ K satisfies that q(y − x) < ρ(x, t), then there is y′ ∈ K such that y  y′ and
qs(y′ − x) < t .
In particular, note that if K is a subset of X such that, for all pair of elements x, y of K , the supremum x∨y belongs
to K , then K has the B(K)-property. To see this, let ρ(x, t) = t for (x, t) ∈ K × R+; clearly, the first condition is
fulfilled. To prove the second one, let y′ := x ∨ y. Then q(x − y′) = 0 < t , and
q(y′ − x) = ∥∥(x ∨ y − x) ∨ 0∥∥= ∥∥(x ∨ y) − x∥∥< t,
since (x ∨ y) − x = (y − x) ∨ 0.
An example of such subsets is given by the negative cone of a Banach lattice.
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